We define a cotilting bimodule complex as the non-commutative ring version of a dualizing complex, and show that a cotilting bimodule complex includes all indecomposable injective modules in case of Noetherian rings. Moreover we define strong-Morita derived duality, and
Introduction
In algebraic geometry, the notion of dualizing complexes was introduced by Grothendieck and Hartshorne [4] , and was studied by several authors. They had started to use technique of local duality, and used developed technique of duality for derived categories [4] . Yekutieli developed this theory to deal with case of non-commutative graded k-algebras [13] . In representation theory, Rickard gave a 'Morita theory' for derived categories of module categories [10] . He also introduced tilting bimodule complexes in case of projective kalgebras over a commutative ring k , and studied the relations between tilting bimodule complexes and derived equivalences [11] . Afterward several authors in representation theory studied derived categories of module categories (for example [5] and [7] ). We studied cotilting bimodules as the non-commutative ring version of dualizing modules, and the conditions that bimodules induce a localization duality of derived categories [8] . The purpose of this paper is to study a 'Morita duality theory' for derived categories in case of coherent 1 rings, that is, the relations between cotilting bimodule complexes and dualities for derived categories. From the point of view of dualizing complexes, this notion is also the noncommutative ring version of dualizing complexes.
In section 2, we study bimodule complexes which induce localization dualities of derived categories of modules (Theorem 2.6 and Corollary 2.7), and show that a cotilting bimodule complex induces a Morita derived duality (Corollary 2.8). Moreover, we show a cotilting bimodule complex is a finitely embedding cogenerator, and in case of Noetherian rings, a cotilting bimodule complex includes every injective indecomposable module (Theorem 2.9, Corollary 2.10, 2.10 and 2.11). This property is also the non-commutative ring version of residual complexes in algebraic geometry. For an algebra A over a commutative Noetherian ring R, we construct a dualizing A-bimodule complex by using an R -module dualizing complex (Theorem 2.14 and Corollary 2.15). In section 3, in case of projective k-algebras over a commutative ring k , we give a 'Morita duality theorem' for derived categories (Theorem 3.3 and Corollary 3.6). As well as the uniqueness of the dualizing complex, for local rings, we have the uniqueness of the cotilting bimodule complex (Proposition 3.7).
Throughout this paper, we assume that all rings have non-zero unity, and that all modules are unital.
Preliminaries
Let G : U ® V and F : V ® U be contravariant ¶-functors between triangulated categories. We call G continuous if G sends direct sums to direct products (if they exist).
We call {G, F} a right adjoint pair if there is a functorial isomorphism Hom U (X, FY ) @ Hom V (Y, GX ) for all X Î U and Y Î V. It is easy to see that if {G, F} is a right adjoint pair, then G and F are continuous. We call {V; G, F} a localization duality of U provided that {G, F} is a right adjoint pair, and that the natural morphism id V ® GoF is an isomorphism (see [8] ).
Let A be an additive category, K (A) a homotopy category of A, and K + (A), K
and K b (A) full subcategories of K (A) generated by the bounded below complexes, the bounded above complexes, the bounded complexes, respectively. For a full subcategory B 2 of an abelian category A, let K * ,b (B) be the full subcategory of K *(B) generated by complexes which have bounded homologies, and K *(B) Qis the quotient category of K *(B)
by the multiplicative set of quasi-isomorphisms, where * = + or -. We denote K*(A) Qis by D*(A). For a thick abelian subcategory C of A, we denote by D C * (A) a full subcategory of D *(A) generated by complexes of which all homologies belong to C (see [4] for details).
For a complex X ¥ := (X i , d i ), we define the following truncations:
For m ² n, we denote by K [m,n] (B) the full subcategory of K (B) generated by complexes of the form:
(A) the full subcategory of D (A) generated by complexes of which homology H i = 0 (i < m or n < i ).
Cotilting Bimodule Complexes and Morita Derived Duality
For a ring A , we denote by ModA (resp., A -Mod) the category of right (resp., left) A -modules, and denote by modA (resp., A -mod) the category of finitely presented right (resp., left) A -modules. We denote by InjA (resp.,A -Inj) the category of injective right (resp., left)
A -modules, and denote by P A (resp., A P) the category of finitely generated projective right (resp., left) modules. If A is a right coherent ring, then modA is an thick abelian subcategory of ModA , and then D *(modA ) is equivalent to K ----,
, where * = -or b (see [4] ).
For a right A-module U A over a ring A , we denote by add U A (resp., sum U A ) the category of right A-modules which are direct summands of finite direct sums of copies of U A (resp., finite direct sums of copies of U A ). In case of B = A , we will call a cotilting A -A -bimodule complex a dualizing A-
For a sequence {X
We say that A is a left Morita (resp., strong-Morita 
B/J)[i])
= 0 for all i > n.
exist integers m ² n such that we have the following isomorphisms: 
Proof. According to [2] , for a complex
Mod). Then we have the following isomorphisms:
Definition. Let U be a family of objects of D [m,n] (ModA). We call a complex X ¥ in D (ModA ) a U-limit complex with ({X i ¥ } i ³0 ; r ) if there exist an integer r and a sequence of the following distinguished triangles:
where
(ModA), we simply call a
Lemma 2.4. Let U be a family of objects of D
(ModA) for all k ³ 0, where s = m -r and t = n -r .
is a right coherent ring, and if U is a family of objects of
Proof. It is straightforward.
Lemma 2.5. Let B U A ¥ be a B-A-bimodule complex satisfying the conditions (C1) and (C2r), and U a family of complexes in D
Proof. It is easy to see that we have the following commutative diagram in D (B-Mod):
Given an integer k , we have the following isomorphisms:
Moreover, there exists an integer q such that we have the following isomorphisms for all j ³ 0:
Then we have the isomorphism H
. For all integers r ³ max(p, q ), we have the following commutative diagram:
where vertical arrows are isomorphisms. Therefore H 
, and the image of
. Also, the conditions (C3r) and (C4r ) imply that the natural morphism 
where vertical arrows are isomorphisms in D (B-Mod). Hence
By the above, it is easy to see if Hom 
there exist an integer r and a sequence of the following distinguished triangles:
is an isomorphism in D (ModA) for all i. By Lemma 2.5, the natural morphism hlim Let A be an abelian category, B a full subcategory of A. We call an object X Î A a finitely embedding cogenerator for B provided that every object in B has an injection to some finite direct sum of copies of X in A. 
is of the form 
.(2).
Since I i is injective (-s ² i ² -1), Imd -1 is injective. Therefore, the exact sequence (2) splits, and hence X has an injection to I 0 . By 
Lemma 2.13. Let A , B, C and D be rings, A X B ¥ a bounded above A-B-bimodule complex which is contained in K
-(P B ), C Y B ¥ a
bounded below C-B-bimodule complex, and C Z D ¥ a bounded C-D-bimodule complex . Then we have the natural A-D-bimodule complex
isomorphism A X B ¥ Ä · B Hom ¥ C ( C Y B ¥ , C Z D ¥ ) @ Hom ¥ C (Hom ¥ B ( A X B ¥ , C Y B ¥ ), C Z D ¥ ).
Proof. Let X be a A-B-bimodule which is finitely generated projective as a right Bmodule, Y a C-B-bimodule, and Z a C-D-bimodule. Then we have the natural A-D-
correspondence (x Äf a (g a f (g (x )))). Then we clearly get the statement. In case of finite dimensional k-algebras over a field k , we defined a cotilting module complex by using a duality Hom k (-,k ) : modA ® A-mod [7] . We construct a cotilting bimodule complex by using dualizing complexes. 
Following Rickard [11], we call an A-B-bimodule complex

Theorem 2.14. Let R be a commutative Noetherian ring with a dualizing complex w
¥ , A and B R-algebras which are finitely generated R-modules. If A T B ¥ is a tilting A-B-bimodule complex, then Hom
¥ R ( A T B ¥ , w ¥ )
is a cotilting B-A-bimodule complex.
Proof. It is clear that Hom
Since A T B ¥ is a tilting A-B-bimodule complex, the natural morphism
. By the duality of w ¥ , we have the following isomorphisms:
We get the non-commutative ring version of results of Grothendieck and Hartshorne [4, Chapter V, Proposition 2.4].
Corollary 2.15. Let R be a commutative Noetherian ring, A an R-algebra which is
finitely generated as an R-module. If w ¥ is a dualizing R-module complex, then
Hom R (A , w ¥ ) is a dualizing A-bimodule complex.
A Morita Duality Theorem for Derived Categories
Let k be a commutative ring. We call an k-algebra A a projective k-algebra if A is projective as a k-module. Let A, B and C be projective k-algebras. According to [3] , a projective (resp., injective) B op Ä k A-module is projective (resp., injective) as both a right Amodule and a left B-module. According to [11] , [13] and [2] , we have the following derived functors:
Let 
= 0 for all i -0.
According to [5] , there exists a B-A- 
Since 
By Lemma 3.1 (a), we get
According to Lemma 3.5, for every
Since B is left Noetherian, by the continuity of G, we have
pair, there exists an integer n such that we have
= 0 for all i > n . 
By inductive step, we construct isomorphisms between distinguished triangles: 
, by the property of distinguished triangles, there exists a morphism s : 
Remarks. Remark. In Proposition 3.7, we can replace "cotilting bimodule complex" by "tilting bimodule complex" under the condition that A is a local projective k-algebra and that B is a projective k-algebra.
Example. For the uniqueness of the cotilting bimodule complex, we need the condition that A is a local ring. Indeed, let A be a finite dimensional k-algebra over a field k which has the following quiver with relations: 
